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MG dau

Muc dich ctia luan van nay 1a trinh bay mot s6 hé qua va tng dung

ctia dong nhat thic

(i |@i|2) (zil \@\2) — ’ iilaibi

1=

C > (aibj—ab)® (1)

1<i<j<n

trong do a;, b; 1a cac s6 thuc hodc phiec.

Dong nhat thic (1) trong nhiéu tai lieu Toan hoc duge mang tén
nha todn hoc ngusi Phap, Joseph Louis Lagrange (1736-1813). Trong
chuong trinh dai s6 & bac THCS, chiing ta da biét dang thic

(CL% + a%)(bf + b%) = (a1b1 + a2b2)2 + (albg — a2b1)2, (2)

la truong hop dac biet ctia dong nhat thie (1), véi n = 2 va ay, as, by, by
14 cac s6 thyc tuy §. He thitc nay da dudgc nha toan hoc co Hy lap
Diophantus dua ra tit rat lau, vao khoang nhiing niam 50 sau Cong
Nguyén(A.D).

Nam 1773, khi nghién citu vé hinh chép Lagrange da tim ra dong
nhat thite (1) v6i n=3.

Mot hé qua quan trong clia dong nhat thitc (1) 1a bat dang thitc noi
tiéng Cauchy-Schwarz:

(Zzn; |ai|2) (Zz"; \b¢\2> > ‘ izn;aibi

Ciing véi bat dang thitc Cauchy-Schwarz, luan vin nay sé gidi thieu

2

(3)

mot s6 bat dang thic quan trong khac phuc vu cho cong viéc giang

day va boi dudng hoc sinh gidi (HSG).



Gan day da nhan dudc mot s6 dong nhat thic dai s6 1a nhitng mé
rong ctia dong nhat thic Lagrange co dién. Trong luan van nay ciing
trinh bay mot dong nhat thiic dang Lagrange tong quét.

Vao nam 1773 [4] Lagrange dua ra tich véc to (cross product) trong
khong gian R? va cho mdot trong nhitng tng dung quan trong ctia dong
nhat thic Lagrange 1a tich véc to clia cac véc to. Trong khong gian R?,
v6i hai véc to a = (aq,a9,a3), b = (b, be, b3) tich véc to clia véc to a

véi véc ta b duge ky hiéu la a x b 1a véc to duge xac dinh bdi
axb= (CLng — ang, CL3b1 — a1b3, a1b2 — azbl). (4)

Do dai clia céc véc to trong khong gian R? dude xac dinh theo cong

thice

Tich vo hudng cua cac véc to a, b duge xac dinh theo cong thic
n
aeb=> ab. (6)
i=1

Nhu vay, dong nhat thitc (1) c6 thé duge viét lai & dang
|a][?[[b]]* = |a e b|* 4 [[a x b]|*. (7)

Luan vin sé trinh bay mot s6 hé qua ctia dong nhat thic Lagrange
dé ching minh cac bat ding thic va 4p dung clia dong nhat thic
Lagrange trong tich véc to ctia cac véc to.

Luan van gom hai chuong.

Chuong 1: Dong nhat thitc Lagrange, trinh bay cac dong nhat thic
Lagrange kinh dién dang thuc va dang phtic, dong nhat thitc Lagrange
tong quat va hé qua va mot s6 dong nhat thiic dang da thrc.

Chuong 2: Trinh bay ap dung ctia hé thic Lagrange chiing minh mot
s6 dang thiic dai s6 va hinh hoc, trinh bay mot s6 bat dang thic duge
suy ra tit cac hé qua ctia bat dang thitc AM-GM, Cauchy-Schwarz. Xét



mot s6 tinh chat quan trong ctia tich véc to ddi véi cac véc to trong
khong gian R3.

Trong sudt qué trinh hoc tap va lam luan van, bén canh su né luc
hoc tap, nghién citu va niém dam mé Toan hoc clia ban than em 1a su
huéng dan tan tinh ciia TS.NCVC.Nguyén Van Ngoc, Trusng Dai hoc
Thang Long. Em xin dugc bay t6 long biét on sau sic nhat dén Thay.

Em ciing xin dugc gii 10i cAm on chan thanh nhat dén Ban giam
hiéu, phong Dao tao, Khoa Toan - Tin truong Dai hoc khoa hoc, Dai
hoc Thai Nguyén, cac thay, cac co gidng day 16p cao hoc toan K10B2
da trang bi kién thic, tao diéu kién thuan lgi trong suét qua trinh em
hoc tap tai truong ciing nhu qua trinh lam luan van.

Em xin cam on cac thay, co trong Ban giam hiéu, cac dong nghiép
trong To Toan trusng Trung hoc Co s6 Lé Loi, quan Hai An thanh phd
H4i Phong noi ma em dang cong tac da luon tao diéu kién giup do va
dong vién. Xin cam on ban be va cac hoc vién trong 16p cao hoc toan
K10B2 da luon quan tam, dong vién, gitip d6 em trong suét thoi gian
hoc tap va qua trinh lam luan van.

Su quan tam, dong vién va khich 1é ctia gia dinh cling 14 nguon dong
vién 16n dé em hoan thanh khéa luan nay.

Tuy ban than em c6 da nhiéu c6 ging, song thoi gian va ning lyc
ctia ban than c6 han nén luan van khong tranh khoéi nhitng thiéu sét.
RAt mong nhan dugc sy quan tam, gép ¥ clia quy thay co cling toan

thé ban doc.

Em xin tran trong cam on!
Thai Nguyén, thang 4 nam 2019

Hoc vién

Vit Thi Khai Van



Chuong 1

Cac dong nhat thic Lagrange

Chuong nay trinh bay cac dong nhat thic Lagrange tit kinh dién
dén tong quat. Noi dung ctia chuong nay cht yéu dugc hinh thanh ti
cac tai lieu [1], [4], [5] va [7].

1.1 Dong nhat thitc Lagrange kinh dién

1.1.1 Trudng hop sé thuc

Dinh ly 1.1.1. (Dong nhat thitc Lagrange kinh dién).
Gid su ay, by, k = 1,2, ....n la cdc so thue bat ky. Khi dé c6 dong nhat
thic

(Z )(Zzﬁ) (iakbk)z - nzl En: (aib;—a;b;)? = %Eﬂ:i(aibj—ajb )2

k=1 k=1 i=1 j=i+1 i=1 j=1

(1.1)

Chiing minh. Ta c6

(Sa)(3n) - zakmzz 2SS (12

k=1 i=1 j=i+1 J=11i=75+1
(Zakbk) Zakbi—l—QZ Z a;bia;b;, (1.3)
k=1 1=1 j=1+1
n—-1 n n— n n—1 n
Z Z (CLib]‘ - Cljbi)Q = Z Z &?b? + Z Z afbf —2 Z Z aibiajbj
1=1 j=i+1 1=1 j=1+1 j=1 1=75+1 1=1 j=1+1

(1.4)

T (1.2)-(1.4) suy ra (1.1). Dinh 1y dugce chiing minh. O



Hé qua 1.1.2. (Bat dang thitc Cauchy-Schwarz).
Tw (1.1) suy ra bat dang thic

(kzn;akbk)2< <§;az><§;bz> (1.5)

Dau dang thie xdy ra khi va chi khi

Nhan xét 1.1.3. Trong khong gian R" zét cic véc to a = (aq, ag, ..., ay),
b = (b1, ba, ..., b,). Khi dé chiing ta cé thé dinh nghia géc 0 € [0, 7| gita

cac véc to trén theo cac cong thic

> iy aibi D icialaid; — agb)?

sin 0

\/Z?:1 a? \/Z?ﬂ b?’ N \/Z?:l azz \/Z?:l bzz

Dinh 1y 1.1.4. (Dong nhat thic Lagrange md rong).

cosf =

Voi n ba 85 thUC (ahbl)ulavl)a (Cll,bl,Ul,Ul),

ooy (A, by, U, vy), €6 dong nhat thic

( z”; ajuj> ( z”; ijj> — ( z”; ajbj> ( z”; ujvj> = z”: (ajvr—agv;) (bru;—bjug).

1<j<k<n
(1.6)
Ching minh. Ta co
( Zn: ajuj) ( zn: bﬂj) - ( Zn: ajbj) ( Zn: Uﬂ’j)
j=1 j=1 j=1 j=1
= ( Z ajuj) ( Z bkvk) — ( Z ajbj) ( Z ukvk)
j=1 k=1 j=1 k=1

n n

n n
= Z ajbkujvk + Z CijjUjUj — ( Z ajbjukvk + Z ajbjujvj)

J.k=L5#k J=1 Jk=15#k Jj=1
n n
= E a;brujvy — g a;bjurvy
Jk=15#k Jk=1j#k

n

= E (ajkajUk — ajbjukvk + akbjukvj — akbkujvj)
1<j<k<n



n

= Z (ajvr — apvj)(bpuj — bjuy).

1<j<k<n
Dinh 1y dugc ching minh. ]

Nhan xét 1.1.5. Vdi u; = a; va v; = bj, thi (1.6) c6 dang

n

(za§)(ib§)_(iajbj)2: S (ab—ab)h (17)

j= 1<j<k<n
chinh la dong nhat thiic Lagrange (1.1).
1.1.2 Trudng hop sb6 phic

Dinh 1y 1.1.6. (Dong nhét thitc Lagrange). Cho cdc so phic a;, b;, i =
1,2--- . n. Khi dé c6 dong nhat thic

(550 () o
i=1 i=1 i=1
Ching minh. Ta c6

S ab| = (Sab) () = Y eabd
i=1 i=1 j=1

ij=1

2 _ —
= Z |aibj—ajbi\2. (18)

1<i<j<n

= Z \aib# + Z (aﬁjbil—?j + ajaibjgi)

i=1 1<i<j<n
= Z \aibi\Q + Z |6Libj|2 — Z \aibj\2 + Z (aﬁjbil_aj + Cljaibjgi)
i—1 i4j i 1<i<j<n
— (Z \aibi|2 + Z \aibj|2) — (Z \aibj\Q — Z (aidjbil_)j + ajaibjl_)i))
i—1 i+ i+ 1<i<j<n
= (Z !az’|2> (Z \bj\Z) — > (aiby? + [abi® — aia;bib; — aja;b;b)
i=1 =1 1<i<j<n
- (Z!ai|2)<2\bj\2) — > aib; — a;bif*. (1.9)
i=1 =1 1<i<j<n

T (1.9) suy ra (1.8). Dinh 1y dugc ching minh.



1.2 Dong nhat thitic dang Lagrange tong quéat

1.2.1 Dang téng quat

Gia st ay, a9, ..., as va by, by, ..., bs 1a 25 s6 thuc va
My 1= (1O (D0 a1 Heh Y ahyrt ),
k=0
trong d6 > a*b™ 17 1a ky hieu thu gon ctia Y7, a®0™™17F ngoai ra
m!
Cl = ,
R (m — k)]
Ta c6 két qué sau
Dinh 1y 1.2.1.
M. — Ziq(azbj a’jb )", khi m = 2r — 1;
" >icjlab ibi)* (aib; + ab;),  khi m = 2r.

Dong nhat thite trén dude goi la Dong nhat thiéc Lagrange tong qudt
(dang 2).

Ching minh. Ta co

=) ™Y YOy d™h Y ab™ A (=1)"C Y ab™ > a™b.

1) V6im =2r —1

Mo, = Z a?" Z b+ Z 1)kt < Z 02 kbkz> <Zakzbzr—k>

O2r 1(2 arbr) i krzﬂ )kczr—l ( Z a2r—kbk) (Z akb2r—k>
_ Z a2 Z b2 o Z 1)kt < Z a2r—kbk) (Z akzbZr—k)

r—1

4 (_1)7“0137“—1 ( Z arbr>2 X Z(_l)zcgzj:ll ( Z a2r—lbz> <Z aler—z>

= Do 3o+ (Do CDNOE T+ G (Do) (o e ))

k=1

<



